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ML OPT

ML often cast as an optimisation problem,
the problem of determining an argument for which
a given function has extreme values on a given domain

Optimisation
Given a function f : R” = R and a set S C R”, we seek x* such that f
attains minimum at x*, Vx € S

We call f the objective function, S the feasible set and any vector x € S a
feasible point.

Generally, a continuous optimisation problem takes the form

minf(x) s.t. g(x)=oand h(x)<o

where f : R"” - R, g : R" — R™, and h: R" — RP.
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Existence and Uniqueness

If f is continuous on a close and bounded set S C R”, then f has a global
minimum on S

Coercive functions
A continuous function f on an unbounded set S C R" is said to coercive if

lim f(x) =400
lIx||—o0

If  is coercive on a close, unbounded set S C R", then f has a global
minimum on S
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Definition

If a function f satisfies the condition
flaxi+ (1 —a)x2) < af(x1) + (1 — a)f(x2)

Va € [0,1]UVx; € S

tf (@) + (1 =) f (x2)

f(tay + (1= t)az)

tay + (1 —t)zy

Any local minimum of a convex function f on convex set S C R"
is a global minimum of f on S
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Unconstrained Optimality Conditions

1°t order necessary condition

Vf(x*)=0

ox ox ox
ox1 Oxo  Ox,

-
where gradient Vf(x) = ( ) and x* is called a critical

point of f.
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Unconstrained Optimality Conditions

2"? order sufficient condition

At a critical point x*, if H¢(x*) is
@ positive definite, then x* is a minimum.
@ negative definite, then x* is a maximum.

o indefinite, then x* is a saddle point.

where

Px o o
Ox2  Ox0x T Ox10xp
82 X 827X 82 X
He(x) = | 9x0x ox3 1 Oxx0x,
0%x 0%x >x
IxnOx1  OxpOxa O}
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Constrained Optimality Conditions

Lagrange multiplier

Consider problem

rry'nf(x) sit. g(x)=o0

where f : R" - R, g: R” -+ R™, and m < n.

Define the Lagrangian function, £ : R"™™ — R.
L(x,A) = f(x) + ATg(x)
then the necessary condition for a critical point is

L (Vf(x) +J] (x)A)

g(x) —°

v
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Unconstrained Optimisation

Gradient Descent

Xpir1 = f(Xk) + oSk
Sk = —Vf(xk)
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Unconstrained Optimisation

Newton Method

f(x +s)~ f(x)+VF(x)"s+ s He(x)s/2
H¢(x)s = —Vf(s)
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OLR : LS

learn a decision function h: U — V

h(u) = ZH;U,‘ = OTU
i=0
up =1
search for € R"+1

min{f(0) := > _(ho(u;) — vi)’}

f(8) = (U8 —v)" (UG —v)
=0TUTUO-20TUTv+ vy
flO)=UTUue" —U'v=0
0" =WUTU)UTv
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OLR : MLE

Let ¢; = v; — @7 uj and €; ~ N(p1, 02)

1 vi — Qu;j)?
p(vilui; 0) = EGXP <_(202)>

= E lo < ! ex <_(Vi 0”/)2)>
- & V2o P 202
= NIog( 27m> 552 g —07u;)?
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Logistic Model

Given U = (u1,...,u,)T U v e{0,1}
decision function hg = g(87u) =

vi ~ B(p)

1+exp(—07u)

£(0) = ng u;)Yi (1 = h(u;)) ")

maxz log(1 + exp( 0Tu)) —(1- v,-)OTu)
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A

0 = méaxp(GfX)

= max p(X|0)p(6)
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Philosophical Discussions

@ ML and optimisation

o Intelligence
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Project Discussions

@ time frame

@ my expectations
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