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Overview

Supervised

Given response variable Y and predictor variables XT = (X 1, . . . , X p),
supervised learning can be formulated as a density estimation problem with
the interest of determining the properties of the conditional probability
P(Y |X ), commonly such as the location parameter µ.

µ(x) = arg min
θ

EY |XL(Y ,θ)

Unsupervised
inferring the properties of P(X )
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Sammon Mapping

Aim
mapping a high dimensional space to a space of lower dimensionality
Let D = {x1, . . . , xn} be a set of vectors and in a d space, we seek a new
set of representation {y1, . . . , yn} being the corresponding vectors in the
reduced d∗ space with the intention of preserving the distance structure in
D.

Optimisation

E (t) =
1∑
i dis

∑
i

(dis − (d∗is)(t))2

dis

where (d∗is)(t) =

√∑d∗

j=1

(
y
(t)
ij − y

(t)
sj

)2
and dis =

√∑d
j=1(xij − xsj)2

new configuration
y (t+1) = y (t) − α∇(t)
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PCA
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PCA

Statistical View
Let multivariate random variable x ∈ RD . We seek a set of orthonormal basis as
the linear components of x .

yi = uT
i x

such that the variance yi is maximised subject to

uT
i u i = 1

Theorem
Assume rank Σx

.
= E (xxT ) ≥ d , then the first d principle components of a

zero-mean multivariate random variable x denoted by yi are given by

yi = uT
i x

where {ud
i=1} are d orthonormal eigenvectors of Σx associated with its d largest

eigenvalues λi = Var(yi ).

GeoComput & ML Unsupervised Learning 2021-05-11 Tue 5 / 20



PCA

∀u ∈ RD , Var(uTx) = E [(uTx)2] = uTΣxu

1st principle component

max
u1∈RD

uT
1 Σxu1 s.t. uT

1 u1 = 1

L = uT
1 Σxu1 + λ1(1− uT

1 u1)

Σxu1 = λ1u1, uT
1 u1 = 1

2nd principle component

max
u2∈RD

uT
2 Σxu2 s.t. uT

2 u2 = 1, uT
1 u2 = 0

L = uT
2 Σxu2 + λ2(1− uT

2 u2) + γuT
1 u2

Σxu2 + γu1/2 = λ2u2, uT
2 u2 = 1, uT

1 u2 = 0
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SOM
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SOM

yi =
d∑

i=1

wji xi
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SOM

Process
competition
input data : x = (x1, . . . , xm)T

synaptic weight : w = (wj1, . . . , wjm)T

winning neuron : wT
j x ⇒ i(x) = arg min

j
‖x −w j‖

cooperation
hj ,i : top neighborhood centred on the winning neuron i

hj ,i (s) = exp

(
−d2

j ,i

/
(2σ2

s )

)
σs = σ0 exp (−s/τ1)

adaptation
w s+1

j = w s
j + ηshj ,i (s)(x −ww

j )
ηs = η0 exp (−s/τ2)
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SOM

Algorithm

Initialiation : weight vector
Repeat

Sampling
Matching
Updating

Until convergence
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SOM vs PCA
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k-mean Clustering

Algorithm
initialise with K centroids
repeat

form K clusters using the centroids
update the centroids using SSE cost

until convergence

Minimisation
Given a dataset D = {x1, x2 . . . xn}, let us denote the clusters as
C = {c1, c2, . . . ck}. 

SSE (C ) =
K∑

k=1

∑
xi∈Ck

‖xi − ck‖2

ck =
∑
xi∈Ck

xi

/
|Ck |
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Silhouette Coefficient

a(i) =
1

|Ci | − 1

∑
j∈Ci ,i 6=j

d(i , j)

b(i) = min
k 6=i

1
|Ck |

∑
j∈Ck

d(i , j)

s(i) =
b(i)− a(i)

max{a(i), b(i)}
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k-Mediods

cost function S : absolute error

Algorithm
Initialisation :
Repeat

cluster formation
randomly select non-representative x(i)
evalution cost of swapping x(i) and representative object m
if S < 0, swap and update

Until convergence
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k-Median

S =
K∑

k=1

∑
xi∈Ck

|xij −kj |

where medkj represents the median of the j th attribute in the k th cluster.
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IK-Mean

idea : farther points to the centroid, more interesting

Algorithm
calculate the centre of gravity of the dataset Cg
Repeat

create a centroid c farthest from Cg
create a cluster Si around c if d(x,c) < d(x,Cg)
update Sg = Si
set Cg = Sg
discard small clusters below a threshold

Until convergence
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Hierarchical clustering

more deterministic

agglomerative and divisive
binary tree, dendrogram
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Hierarchical clustering
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Single-link
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