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SpaceTime Warping

a+ b+ c = 180 degrees

a+ b+ c =270 degrees!
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Dynamic time warping (DTW) is a technique designed for optimally
aligning two time sequences across their time points under certain
restrictions.

Given two time sequences,

X:X1,X2,...,XN

Y=y1,Y2, .-, ¥m

we define a non-negative local dissimilarity function between element pairs
x; and y;
d(i,j) >0
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Time normalised distance

We seek a warping function ¢ to remap the time indices of X and Y

d(k) = (¢x(k), by (K))
where ¢, (k) € {1... N} and ¢, (k) € {1... M}

such that

D(X,Y)= mmZd(qu ), by (k))my(k) /M¢
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@ monotonicity

Px(k + 1) Zox(k)
dy(k +1) 29y (k)

@ continuity

@ boundary conditions

Ox(1) = 1 dy(1) =
W(T) = Ngby(T) M
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Step Patterns

Schematic

explanation

Symuetric

i

DP-equation

gli, j) =

Symmetric

g(l,J—l)ﬂi(x,J)
min L -1,5- l)+2d(x,])

(i-1,3)+4(

Asymmetric

g(i,j-1)

min [g(i-l,;—l)mu,j)]

gli=1,5)+d(i,j)

1/2

Symme tric

g(i-1,j-2)+2d(i,j-1)+d(i,j)
g(i-1,3-1)+2d(i,3)
2(i-2,j-1)+2d(i-1,])+d(i,j)

g(i-1,j-3)+2d(i ,:i—Zi;-d(i,jAlHd_(i,j)
min

gli-3,j-1)+2a(i-2,j)+a(i-1,j)+da(i,5)

Asymmetric

g(i-1,3-3)+(d(i,j~2)+d(i,j-1)+d(i,3))/3
g(i-1,j-2)+(d(i,j-1)+d(i,i))/2

g(i-2,3-1)+d(i-1,3)+d(i,j)
8(i-3,3-1)+d(i-2,5)+d(i-1,3)+d(i,j)

min |:g(1-l,g-1)+d( W)

Symmetric

min ]j

g(i-1,j-2)+2d(i,i-1)+d(i,i) ]
g(i-1,j-1)+2d(i,j
(i-2,-1)+2a(i21, 3)+a4,3)

Asymmetric

g(
min [g(l 1,3 l)+d i,4)
g(i=2,j=1).

0
7
7

Symnetric

Asymmetric

i !-.J—2)+(d(:,1 ~1)+d(i,j)) /2]

(i=1,3)+a(i,j)

g (i~ 2:3-3)+’ﬂ(“-1,.]—2)+21(1y:l—l)+d(l.:l)
gli-1,
(i

min
gli- 3,3—2)+2d()-2,_1—1]72d(1 1,3)+d(i,3)

min r:

gli=2,j=3)+2(d(i-1,j=2)+a(i,j=1)+a(i,3))/3]
g(i-1,3-1)+a(i,3)
g(i-3,3-2)+d(i-2,3~1)+d(i~1,5)+d(i,j) l
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Computational Performance

@ quite fast
@ 4G RAM + 4G swap : 6000x6000 in 10s

@ larger problems : downsampling, breaking-up and interative matching,
etc.
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Wavelet Transformation

Let ¢ be the mother wavelet and her daughter wavelets can be constructed
via dilation and translation.

1 t—>b
d}a,b:ﬁd}( 2 )

Wavelet transformation of a signal x(t) is defined as the inner product as
follows.

WT (a, b) = (4, x(t))
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Maximum Matching

. i

Impulsive feature contained in the signal An arbitrary signal with periodic impulsive features

—Af Aft-ifo-ifp—

Morlet wavelet Coefficients generated by Morlet wavelet at scale 20

—— e ettt

Daubechies wavelet Coefficients generated by Daubechies wavelet at scale 20

J—l—l—l—

Mexican hat wavelet Coefficients generated by mexican hat wavelet at scale 20

(a) (b)
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Algorithm

Input s1, s2, r
Repeat DTW(WT(s1,r), WT(s2,r))
Until max matching
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