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Interpolation



Definition

obtaining some function such that their values are
identical to the given data



Definition
for given data
(t’iay’i)v r=1,...,m

we seek a function such that

¢(tz):yza r=1,...,m



Motivation




Motivation

finite & infinite

discrete < continuous



Categorisation

e polynomial
* trigonometric
®* piecewise



Polynomial Interpolation

Let f(x) be the unknown function generating the
data. We approximate f(x) using a n degree
polynomial ¢, (z) = > ., a; ¢} such that




Polynomial Interpolation
that is flz:)=> " a; x

(n — 1) linear equations with coefficient determinant

1 zy x5 ... z
1 x4 wg o 4B
1 2 n




Polynomial Interpolation
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Polynomial Interpolation




Piecewise Interpolation



Cubic Spline

Generally speaking, a spline is a polynomial of
degree k with £ — 1 times continuous
differentiabilities.



Cubic Spline

Let f(x) be a function defined in the domain
a < x < b. We partition the function into
subintervalsa < zg < z1... <z, <b

We aim to find a cubic function s3; () such that
33,i($z’):f($i)7 i:(),...,n—l



Cubic Spline

in each subinterval |z;_1,x;|, cubic spline
3372-_1(%-_1) must meet.:

| sp02(011) = (o 1) and sgs(er) = (o)

2. 83 (:z:z) — 83,i+1 (CBZ)

3. 85 (@i) = 85,1 (i)
(

4. sg’z(wz) = Sg,i—l—l ;)



Cubic Spline
Question :

A cubic spline polynomial has 4(n — 1) parameters

to be determined. How many parameters can be
fixed based on the previous constrains?



Hermite cubic spline

Hermite condition
Hs; 1(xi-1) = f(xi-1), Hsi(z;) = f(z;)

Hsl,z‘—1(mi—1) = f'(zi-1), Hé,z(%) = f'(@i)



I\ dut

Given a set of knot points (z;, y;) with x; strictly
increasing, Akima spline go through all the points
and determine the slope for each point as a
weighted average of the scants of two points
before and after.

B Mit1 —mi|m—1 + mi—1 — m;_2|my

—
z ‘mz’+1 —mi|

\mz'—l — mz‘—zl



Steffen

estimate the slope of internal points through a
unique parabola determined by three neighbouring
points to ensure the monotonic behaviour of
interpolation

Yi+1 — Yi
where h; = z;.1 — z; and s; = 2 :

Li+1 — Ly



Comparison

Cubic
Al<irma
Steffen
Data
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Smoothing



Moving window




Salvitsky-Golay filtering

regression fitting

k—1
.’E; — Zaljla VS [_mvm]a NS [1777’]
[=0
r—=Ma
a=(M"M)Mz
&z =M(M"M)M



Fourier Transform




Fourier Series

representation of a function f(x) in terms of a set
of trigonometric functions

cos(nx), n=20,1,2,3,...
sin(nx), n=123,...



Fourier Series

e orthogonality

74

/ cosmx cosnrdr =0, m*n
74

/ sinmx stnnrdex =0, m#*n

T
/ sinmx cosnx dr =0, anym,n

s

/.
74

/ sinne sinnxdx =m, 1fn=0~0
—Tr

cosnrcosnrdr =2morm, ifn=0o0rn>0



Fourier Series

70 1 T
/ cos mx cosnx dr = 5 / (cos(m + n)x + cos(m — n)x) dx

‘sin(m+n)z  sin(m—n)z "

1
_5_ m—+n m—n
=0

d —T



Fourier Series

Fourier series

flx) = a20 | zjl(ancos nx + b, sin nx)

n

Fourier coefficients
a, = / f(x)cos(nz) dr
b, = / f(x)sin(nz)dr



Fourier Series




Fourier Series

FS in complex exponential form

cosd = (e¥ +e7)/2;  sinf = (¥ —e ") /(20)

O

FSf: Z Cneinmc/l

nN——00

1 [ |
where ¢, = / f(z)e " =/ldy
21 J_;



Fourier Integral

f(x) = /Ooo(a(w)cos(wm) + b(w)sin(wz))dw

a(w) = 71T/OO f(x)cos(wz)dx
b(w) = 71T/OO f(x)sin(wx)dx



Fourier Transform

TRVRL
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= (€)cosw(€ — x)dEduw
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Fourier Transform

1

FUf @) =1@) =5 [ Fwe



Fourier Transform

Time Domain Frequency Domain
s(t) | S(w)




Wavelets



Haar Wavelets

Mother Haar Wavelet

1 0<x<1/2
Y(z)=4¢ -1 1/2<z<1
0 otherwise




Haar Wavelets

Haar Wavelets Family

pik(z) = 272 (Y(2'z — k))

where j € Zand k € Z



Haar Wavelets

def.supp f ={x € X | f(x) # 0}
supp ¥k (X) = [277k, 2777 k)

e Either the dyadic intervals non-overlapping or one
contained in another
e |f in containment, then one is either contained to the left or

right part of the interval



Haar Wavelets

Y10




Haar Wavelets
Orthogonality

—00 =
u=2r —k

Viks Vi p) = / 20D () (292 — 2V 2k 4 K ) du



Haar Wavelets

—+ 00 —+ 00

flz) = Z > dintik(x)

J=—00 k=—00

where d; . = (f(x),¥;r(z)) , wavelet coefficients



Haar Wavelets




Daubechies Wavelets

2N—1

d(x) = )  arp(2z + k)
k=0



Daubechies Wavelets




Daubechies Wavelets




Daubechies Wavelets
If f € Randm € Z-g, then

/ T f(z)da

O

if it exists, it is called the moment of f of order m.

f has the vanishing moments to order M if the
moment of f of orderm =0,1,..., M are all 0.



Daubechies Wavelets

Wavelets choice

e moments and support
e feature of the target function f
e customisation
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